In this paper, we demonstrate that some hyperchaotic circuits can be synchronized by using only one state variable. We applied three kinds of synchronization schemes, a continuous synchronization, an impulsive synchronization, and a selective synchronization to these hyperchaotic circuits. Their performance is examined from the viewpoint of synchronization stability and convergence time.
Introduction
Many methods have been proposed to synchronize chaotic systems. The most widely used methods are the continuous synchronization schemes [Pecora & Carroll, 1990] , where the driving signals are transmitted continuously to the driven systems. The other synchronization schemes are impulsive synchronization [Panas et al., 1998 ] and selective synchronization [Itoh et al., 2000] . In an impulsive synchronization scheme, only samples of state variables (or functions of state variables) called synchronization impulses are used to synchronize two chaotic systems. In a selective synchronization scheme, we select only those time periods of driving signals with strong synchronizing effect to the slave system and shut off the driving signals in some other time periods when they show strong desynchronizing effects. These three schemes were applied to several chaotic systems, and all three exhibited good performance [Panas et al., 1998; Itoh et al., 1999; Itoh et al., 2000; Itoh et al., 2001] .
The stability of synchronization is closely connected to the values of Lyapunov components of variational systems, and so the conditions for stable impulsive synchronization in both chaotic and hyperchaotic systems are given in terms of Lyapunov exponents [Pecora & Carroll, 1990; Itoh et al., 1999; Itoh et al., 2000; Itoh et al., 2001] . According to Pyragas [Pyragas, 1993; Brucoli et al., 1999] , the minimal number of controlled variables has to be equal to the number of positive Lyapunov exponents of the system. If the hyperchaotic systems have two positive Lyapunov exponents, then, at least two driving signals are needed to synchronize them by the continuous synchronization scheme. In the case of impulsive synchronization, the number of driving signals sequentially transmitted to the slave systems via time-division is greater than or equal to two [Itoh et al., 1999; Itoh et al., 2000; Itoh et al., 2001; Brucoli et al., 1999] . Almost all models considered up to now seemed to support this assumption.
In this paper, we demonstrate that some hyperchaotic circuits can be synchronized by using only one state variable. That is, counter-examples to Pyragas's conjecture are presented. We applied three kinds of synchronization schemes to the hyperchaotic circuit from [Matsumoto et al., 1986] and to the hyperchaos generator from [Saito, 1990] , and succeeded to synchronize them. These circuits have a negative resistor and an eventually strictly monotonically increasing Chua's diode [Kennedy, 1992] . 1 Thus, if we choose the voltage across the negative resistor as a driving signal, their variational systems become stable in the regions where the v-i characteristic of the nonlinear resistor is strictly monotonically increasing. In these regions, the driving signal has a strong synchronizing effect. Thus, we can expect that all conditional Lyapunov exponents (CLEs) of the variational system become negative. 2 In our computer studies, two hyperchaotic circuits will be synchronized by using three kinds of synchronization schemes: a continuous synchronization, an impulsive synchronization and a selective synchronization. We also discuss their performance from the viewpoints of synchronization stability and convergence time. Furthermore, we show that if the linear part of the system is represented by a ladder circuit, 3 we can easily reconstruct all the state variables from the derivatives of one state variable.
Preliminaries
Consider the nonlinear circuit with the dynamics
where the symbols i and v indicate a current and a voltage, respectively, f is a scalar function, and L 1 , L 2 are differential operators. The nonlinear element (Chua's diode) is characterized by the equation i = f (v). If we denote the Laplace transform
Chua's diode (transfer function) of the operator L
is equal to admittance of the linear circuit (see Fig. 1 , which illustrates a two-terminal network representation). That is, Y (s) satisfies the following relation
where G 1 (s) and G 2 (s) are the Laplace transforms of L 1 and L 2 , and I(s) and V (s) are the Laplace transforms of i and v, respectively (under zero initial conditions). Similarly, the impedance Z(s) is defined by G 1 (s)/G 2 (s) = V (s)I(s) −1 . Here, we assume that the v-i characteristic of the Chua's diode is eventually strictly monotonically increasing. Next, we define the master and slave circuits as follows:
where the voltage across Chua's diode, that is, v(t), is a driving signal. Then the variational system is given by where p = i − i . Therefore, if all eigenvalues of the characteristic equation have negative real parts, then the two systems will be synchronized. That is, if all roots of the function G 1 (s) for L 1 have negative real parts, then the two circuits will be synchronized. We note that Chua's oscillator corresponds to this case. In the next section, we study the case where the function G 1 (s) has a root with a positive real part. Next, we consider reconstructing all of the state variables by using the derivatives of one state variable. First, we expand the transfer function Y (s) = G 2 (s)/G 1 (s) into the following form
Then, the transfer function Y (s) can be realized by the ladder circuit as shown in Fig. 2 . Furthermore, we have the relations
or
where I j and V j are the Laplace transform of the current through the impedance Z j (or the admittance Y j ) and the voltage across the impedance Z j (or the admittance Y j ), respectively. Thus, all of the voltages V j and currents I j are determined if the current I 1 is given in the case of Eq. (8) 
It corresponds to a special case of the Takens reconstruction theorem [Takens, 1981] . In this case, we do not need to assume that all roots of the transfer function G 1 (s) have negative real parts. Note that similar results hold for the impedance Z(s), too. In this case, we have to consider the currentcontrolled Chua's diode in place of the voltagecontrolled Chua's diode.
Synchronization of Hyperchaotic Circuits
Consider the hyperchaotic circuit from [Matsumoto et al., 1986] , whose dynamics are given in Table 1 . This circuit contains two capacitors C j , two inductors L j with small physical resistance r j , a negative resistor −R, and an eventually strictly monotonically increasing resistor Fig. 3 . The impedance Z(s) for the linear part of the circuit is given by
The denominator of Y (s) = Z(s) −1 has a root with a positive real part. This implies that the slave circuits will not be synchronized by the driving signal v(t) = v 2 −v 1 (the voltage across the Chua's diode).
It is well known that the hyperchaotic circuit in [Matsumoto et al., 1986] has two positive Lyapunov exponents (LEs). According to Pyragas, the minimum number of driving signals for synchronizing this chaotic system is equal to two. Here, in order to synchronize the hyperchaotic circuits using one driving signal, we choose the voltage across the negative resistor, that is, the voltage Ri 1 , or simply i 1 as a driving signal. In the region |v| ≥ d ≥ 1, all eigenvalues of the variational system have negative real parts as shown in Table 2 , and so the variational system is completely stable. The symbol d indicates a threshold. In the selective synchronization, d is used as a controlling parameter. In the 
Hyperchaos generator
region |v| ≤ d ≤ 1, all eigenvalues of the variational system have positive real parts. Thus, the variational system is completely unstable. Since there are two regions with a strong synchronization effect, we can expect that all conditional Lyapunov exponents (CLEs) of their variational system to become negative. Furthermore, in the case of selective synchronization, we shut off the driving signal in the 
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Then, two hyperchaotic circuits are run independently without a driving signal. In this case, the maximum real part of the eigenvalues of the variational system in this region, that is, = 1.71, is slightly smaller than that of the continuous synchronization (= 1.96). Thus, the selective synchronization is expected to have a smaller CLE. As we can see from Figs. 4 and 5, all of the CLEs become negative. This implies that the hyperchaotic circuits will be synchronized by using only one control variable. We note that the selective synchronization scheme gives the smallest CLE.
However, the convergence time 4 is not as quick as shown in Table 3 . Note that the convergence time depends on the initial conditions, but the data in Table 3 serves as a reference of the performance.
In our laboratory experiment, the synchronization of the hyperchaotic circuits is easily broken by small external noise, if the variational system has completely unstable regions. Thus, we synchronized the hyperchaotic circuits by transmitting the two driving signals via time-division-based impulsive synchronization [Itoh et al., 1997] . In terms of this interpretation, Pyragas's conjecture may be . Maximum CLE of the hyperchaotic circuit and the hyperchaos generator for impulsive synchronization. The symbols P and Q indicate the impulse width and the frame length, respectively. An impulsive synchronization for P/Q = 1 is equivalent to a continuous synchronization. 
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−0.506 correct. We guess that the selective synchronization is robust for external noise, since we shut off the driving signal with the strong desynchronization effect. Next, we consider the hyperchaos generator from [Saito, 1990] , whose dynamics are given in Table 4 . The circuit contains two capacitors C j , two inductors L j , a negative conductance −G, and an eventually strictly monotonically increasing Chua's diode v = g(i) (see Fig. 6 ). The impedance Z(s) of the linear part of the circuit is given by
The denominator G 2 (s) = sC 2 (sL 1 (sC 1 − G) + 1) + sC 1 − G has a root with positive real part. This implies that the slave circuits will not be synchronized by the driving signal i(t). Since the circuit consists of a ladder network and a Chua's diode, all voltages and currents can be reconstructed from the linear functions of the derivative of v 1 :
This chaotic attractor has two positive Lyapunov exponents. In order to synchronize the hyperchaotic circuit, the voltage across the negative conductance, that is, v 2 is used as a driving signal. Then, the variational system becomes asymptotically stable in the regions where the v-i characteristic of Chua's diode is strictly monotonically increasing. We found that the maximum real part of the eigenvalues for this region is slightly smaller than that of the continuous synchronization. Thus, the selective synchronization scheme is expected to have a smaller CLE. As can be seen from Figs. 4 and 5 and Table 3 , the selective synchronization scheme gives the smallest Lyapunov exponent, and so this scheme is the most stable one. Furthermore, the circuits will be synchronized quickly by this scheme. Therefore, we conclude that the selective synchronization has an advantage of stable synchronization.
Chaotic Circuits
In this section, we apply the synchronization schemes to low-dimensional chaotic circuits. We first consider the canonical Chua's oscillator (see Fig. 7, Tables 6 and 7) . The admittance Y (s) has the form
Since Y (s) is expanded into a continued fraction for ladder-networks, all voltages and currents can be reconstructed from the linear functions of the derivative of v 2 (t):
(16) Furthermore, the denominator G 2 (s) = C 2 L 1 s 2 + (C 2 r − L 1 G)s + (1 − Gr) has a root with positive real part. This implies that the slave circuits will not be synchronized by the driving signal v 1 (t) (the voltage across the Chua's diode). Thus, the voltage across the negative conductance, that is, v 2 , is used as a driving signal. As can be seen from Figs. 8 and 9, we found that the impulsive synchronization 
Coupled canonical Chua's oscillator 
Chua's oscillator 
−39.8, −0.301.
6.85
−0.301 Maximum CLE P/Q Fig. 9 . Maximum CLE of the chaotic circuits for impulsive synchronization. The symbols P and Q indicate the impulse width and the frame length, respectively. An impulsive synchronization for P/Q = 1 is equivalent to a continuous synchronization.
is the most stable scheme. Furthermore, there is no great difference between continuous synchronization (d = 0 in Fig. 8 ) and selective synchronization (d = 0). Thus, there is no advantage for choosing selective synchronization. Note that the CLE is decreasing in the neighborhood of d = 1 in view of the following reason: in selective synchronization, the maximum real part of eigenvalues for the region |v 1 | ≤ d ≤ 1 is equal to 6.85, which is close to that of the continuous synchronization (= 6.84). However, if the threshold d is increased from 1, then the maximum CLE for the region |v 1 | ≤ d is decreased from 6.85 to 0.105 (= the maximum Lyapunov exponent of the canonical Chua's oscillator). Thus, the CLE of the selective synchronization is expected to become slightly smaller than the continuous synchronization in the neighborhood of d = 1.
We also examined the performance of the synchronization scheme for the coupled canonical Chua's oscillator (see Fig. 10 , Tables 5 and 7) . Since the circuit has two Chua's diodes, the circuit equation can be described as a four-terminal network:
and
where I a , I b , V a and V b are the Laplace transforms of the i a , i b , v a and v b , respectively. The symbol Y = [y ij ] is called as the admittance matrix, which is given by 
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The elements Y ij are easily obtained by using the classical circuit theory or the Laplace transform of the circuit equation in Table 5 (under zero initial conditions). In this case, the currents and voltages cannot be described as linear functions of the derivatives of v j (t) or i j (t), since the linear part of the circuit is described as a four-terminal network. The performance for each scheme is similar to that 
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−0.1 of canonical Chua's oscillator. In this circuit, the selective synchronization is quicker than the other schemes (see Table 10 ). We also add the examples of Chua's oscillator for reference (see Fig. 11 , Tables 5 and 8 ). The admittance Y (s) has the form
Since Y (s) is expanded into the ladder form, all voltages and currents can be reconstructed from the linear functions of the derivative of i(t):
Furthermore, all roots of G 2 (s) = C 2 LRs 2 + (C 2 rR + L)s + (R + r) have negative real parts. This implies that the slave circuits will be synchronized by the driving signal v 1 (t) (the voltage across the Chua's diode). In this oscillator, the continuous synchronization is more stable than the impulsive synchronization (see Fig. 9 ). This is because the variational system is completely stable, and so the driving signal provides a strong synchronization effect to the slave system continuously. This situation is different from the canonical Chua's oscillator and the coupled canonical Chua's oscillator. We also studied the case where the voltage v 2 (t) is used as the driving signal (Table 9 ). In this case, the selective synchronization is more effective than the continuous synchronization (see Fig. 8 ). This is due to the following reason: The variational system without driving signal is not stable, but the two systems converge quickly to the space spanned by the eigenvectors of the two eigenvalues: −1.13 ± 3.09i. Finally, we note that the impulsive synchronization is not so stable (as we can see from Fig. 9 ), but the convergence is quick. From computer studies, we conclude that the performance of the synchronization schemes depends on the chaotic circuits.
Miscellaneous Hyperchaotic Systems
It is well known that the coupled Chua's circuits in Fig. 12 have two positive Lyapunov exponents [Brucoli et al., 1999] . The circuit consists of two Chua's diodes and linear elements. Thus, the dynamic can be described as
and i a = −f (v a ) ,
where the symbol Y = [Y ij ] is the admittance matrix, and I a , I b , V a and V b are the Laplace transforms of i a , i b , v a and v b , respectively. Since the circuit is a four-terminal network and Y ij = 0, the currents and voltages of this circuit are not reconstructed from a linear combination of the derivatives of one state variable. Furthermore, even if we choose any variable as a driving signal, at least one eigenvalue of the difference system has a positive real part. Thus, the circuits cannot be synchronized by transmitting only one state variable. However, the circuits can be synchronized if we transmit the two driving signals via timedivision-based impulsive synchronization [Brucoli et al., 1999] . Next, we study the Rössler hyperchaos oscillator [Rössler, 1979] dx dt = −y − z, dy dt = x + 0.25y + w , dz dt = 3 + xz, dw dt = −0.5z + 0.05w .
In this oscillator, the state variables are reconstructed from w as
